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Abstract
We consider the inverse problem to determine the potential q entering the Schrödinger
equation ∆u − qu = 0 in a bounded smooth domain in R2 in terms of the boundary
measurements (Dirichlet-to-Neumann map). When n = 3, the uniqueness for the inverse
problem was well established. In this paper we prove the uniqueness in two dimensions
under the assumption that the Lp (p > 2) norm of q is small. This result improves a
uniqueness result of Sylvester–Uhlmann under the assumption that the W1,∞ norm of q is
small.  2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
Let Ω be a smooth bounded domain in R2. We consider an inverse problem to
identify the (complex) potential q entering the Schrödinger equation
PD[q]: ∆u− 4qu= 0 in Ω
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in terms of the boundary measurements, namely, the Dirichlet-to-Neumann map.
The Dirichlet-to-Neumann map Λq corresponding to q is defined by
Λq(f ) := ∂u
∂n
on ∂Ω, (1.1)
where u is the solution of PD[q] with the Dirichlet data u= f on ∂Ω . We assume
q ∈ Lp(Ω) for some p > 2 and that 0 is not a Dirichlet eigenvalue for the operator
∆ − 4q on Ω so that for each f ∈ C1,α(∂Ω) there exists a unique solution
u ∈ C1,α(	Ω) of PD[q] with the boundary value f on ∂Ω . Here and throughout
this paper α = (p − 2)/p. For existence and uniqueness of the solution to the
direct problem, we refer to Chapter 3 of [1].
In this paper we are concerned with the uniqueness question: Does Λq1 =Λq2
imply q1 = q2 in Ω? In three dimensions, uniqueness of this inverse problem
was resolved. Kohn and Vogelius proved the uniqueness when q is piecewise real
analytic [2,3]. In [4], Sylvester and Uhlmann proved global uniqueness of the
problem when q is smooth. In [5], Nachman obtained a formula to reconstruct q
from Λq and proved uniqueness for bounded q . However, due to the lower degree
of freedom of the parameters, the inverse problem in two dimensions is formally
determined and the uniqueness for the two-dimensional case has not been proved
and remained open.
Nevertheless, there have been some significant partial answers. Sylvester and
Uhlmann proved the uniqueness under the assumption that W 1,∞ norm of the po-
tential q is small [6]. Their method was further developed by Sun and Uhlmann [7,
8] to prove generic uniqueness and unique identifiability of the singularity of q . It
is well known that the inverse problem under consideration in this paper is closely
related to the inverse conductivity problem with infinite measurements. For ex-
ample, if there is a positive γ such that γ−1/2∆γ 1/2 = q in Ω , then the equation
PD[q] can transformed to a conductivity equation and the result of Nachman [9]
or Brown and Uhlmann [10] can be applied to derive the uniqueness of q . For
example, if the first Dirichlet eigenvalue of the operator −∆+ q is positive, the
uniqueness is proved [11]. For this and related works, we refer to the book by
Isakov [12].
In this paper we consider the uniqueness question in two dimensions for rough
potential. Other than the theoretical importance of the problem, one motivation
for this work comes from the problem of detecting the contact resistance of the
electronic device [13]. This problem is described by the equation
∆u− qχ(D)u= 0 in Ω,
where D is a domain in Ω and χ(D) is the characteristic function of D. The
potential qχ(D) does not belong to W 1,∞(Ω).
We prove the following theorem.
H. Kang / J. Math. Anal. Appl. 270 (2002) 291–302 293
Theorem 1.1. Let q1, q2 ∈ Lp(Ω) for some p > 2 and complex valued. Then
there exists ε = ε(Ω,p) such that if
‖qj‖p  ε, j = 1,2,
and if
Λq1 =Λq2,
then
q1 = q2 in Ω.
Theorem 1.1 removes the smallness assumption of ∇q in [6]. Note that since
we only assume that Lp norm of q is small, the equation ∆u− 4qu= 0 cannot
be transformed to an equation of divergence form ∇ · γ∇u= 0 because −∆+ q
does not have the maximum principle.
The proof of this paper relies on the ∂¯-technique as in [8–10] and aims at
deriving the estimates∥∥q̂1 − q2∥∥2 C‖q1 − q2‖2(‖q1‖p + ‖q2‖p), (1.2)
where C depends only on Ω and p. In deriving (1.2), the explicit form of the
solution plays an essential role. Here and throughout this paper ‖ ‖p denotes the
Lp-norm on Ω .
This paper is organized as follows. In Section 2, we derive an integral equation
and prove its solvability. Theorem 1.1 is proved in Section 3.
2. An integral equation
Define
∂¯−1f (z) := 1
2πi
∫
Ω
f (ζ )
ζ − z dζ ∧ dζ¯ ,
∂−1f (z) := ∂¯−1f¯ (z)= 1
2πi
∫
Ω
f (ζ )
ζ¯ − z¯ dζ ∧ dζ¯ , z ∈C.
Note that ∂¯−1 is defined as an integral on Ω , not on whole plane C. Let C be the
Cauchy integral and 	C be its conjugate, namely,
Cf (z) := 1
2πi
∫
∂Ω
f (ζ )
ζ − z dζ,
	Cf (z) := Cf¯ (z), z ∈C\∂Ω.
Then from Stokes’ theorem we have
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f (z)= ∂¯−1(∂¯f )(z)+C(f |∂Ω)(z), z ∈Ω, (2.1)
f (z)= ∂−1(∂f )(z)+ 	C(f |∂Ω)(z), z ∈Ω. (2.2)
Throughout this paper we write
dm(ζ ) := − 1
2πi
dζ ∧ dζ¯ = 1
π
dV (ζ ),
where dV is the two-dimensional Lebesgue measure. All the Lebesgue spaces are
defined in terms of the measure dm.
We write the equation ∆u− 4qu= 0 in the form
∂¯∂u− qu= 0.
Multiplying this equation with the holomorphic function e−ik¯z (k ∈ C) and
applying ∂¯−1, we have from (2.1) that for z ∈Ω
0= ∂¯−1(e−ik¯z∂¯∂u)(z)− ∂¯−1(e−ik¯zqu)(z)
= ∂¯−1(∂¯(e−ik¯z∂u))(z)− ∂¯−1(e−ik¯zqu)(z)
= e−ik¯z∂u(z)− ∂¯−1(e−ik¯zqu)(z)−C((e−ik¯z∂u)∣∣
∂Ω
)
(z).
Hence
0 = ∂u(z)− e−ik¯z∂¯−1(e−ik¯zqu)(z)− e−ik¯zC((e−ik¯z∂u)∣∣
∂Ω
)
(z), z ∈Ω.
We now multiply this equation by eikz¯, apply ∂−1, and do the same process
using (2.2) to have
u(z)− e−ikz¯∂−1(ek∂¯−1(e−ik¯zqu))(z)
= e−ikz¯	C(e−ikz¯f |∂Ω)(z)+ e−ikz¯∂−1(ekC(e−ik¯z∂u|∂Ω))(z),
z ∈Ω. (2.3)
Here and throughout this paper,
ek(z) := ei(k¯z+kz¯), k, z ∈C. (2.4)
Define the operator Qk by
Qk(f )(z) := ∂−1
(
ek∂¯
−1(e−ku)
)
(z), z ∈Ω. (2.5)
We are seeking the solution v of the integral equation
v −Qk(qv)= 1 on Ω. (2.6)
If v satisfies (2.6), then u= e−ikz¯v is a solution of (2.3) and hence a solution of
∂¯∂u− qu= 0 in Ω .
Lemma 2.1. If 1/p − 1/r > −1/2 (p  1, r  1), then there exists a constant
C = C(Ω,p, r) such that∥∥∂¯−1f ∥∥
p
 C‖f ‖r for all f ∈ Lr(Ω). (2.7)
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Proof. Note that∣∣∂¯−1(f )(z)∣∣ 1
2π
∫
Ω
1
|z− ζ | |f (ζ )|dV (ζ ).
Let χ be the characteristic function of Ω and
ϕ(ζ ) := 1|ζ |(|ζ |2 + 1) , ζ ∈C.
Then ∣∣∂¯−1(f )(z)∣∣ C|fχ | ∗ ϕ(z).
By generalized Young’s inequality, if 1/r + 1/q = 1/p+ 1, then
‖f ∗ ϕ‖p  ‖f ‖r‖ϕ‖q .
Note that ‖ϕ‖q <∞ if q < 2. Thus, if 1/p − 1/r > −1/2, then we have (2.7).
This completes the proof. ✷
Lemma 2.2. Let Qk be the operator defined in (2.5).
(1) There exists a constant C = C(Ω) such that
‖Qk(f )‖∞  C‖f ‖2 for all f ∈ L2(Ω).
(2) If 1 < p < ∞ and 1/p − 1/r > −1/2, then there exists a constant C =
C(Ω,p, r) such that
‖Qk(f )‖p  C|k| + 1‖f ‖r for all f ∈ L
2(Ω).
Proof. Let z ∈Ω . Then
∣∣Qk(f )(z)∣∣
∫
Ω
[∫
Ω
1
|z−w||w− ζ | dm(w)
]
|f (ζ )|dm(ζ ). (2.8)
It is easy to see that∫
Ω
1
|z−w||w− ζ | dm(w) C
[
ln
1
|z− ζ | + 1
]
. (2.9)
Then (1) follows from (2.8), (2.9), and the Cauchy–Schwarz inequality.
Suppose that |k|> 1. Since ek = (1/ik)∂¯ek and ∂¯ ∂¯−1f = f , we have
Qk(f )= ∂−1
(
ek∂¯
−1(e−kf )
)
= 1
ik
[
∂−1
(
∂¯
(
ek∂¯
−1(e−kf )
))− ∂−1(f )]. (2.10)
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Since ∂−1∂¯ is a Calderón–Zygmund operator, it is bounded on Lp if 1 <p <∞.
Thus we have from Lemma 2.1
‖Qk(f )‖p  1|k|
(∥∥∂−1(∂¯(ek∂¯−1(e−kf )))∥∥p + ∥∥∂−1(f )∥∥p)
 C|k|
[∥∥∂¯−1(e−kf )∥∥p + ‖f ‖r] C|k| ‖f ‖r .
This completes the proof. ✷
We are now ready to prove the integral equation (2.6) has a unique solution.
Let Mq be the multiplication operator by q ; i.e.,
Mq(u) := qu. (2.11)
Proposition 2.3. There exists a constant ε = ε(Ω,p) such that if ‖q‖p < ε, then
the operator I−QkMq :L∞(Ω)→L∞(Ω) is bounded and invertible. Moreover,
there exists C = C(Ω,p) (independent of k) such that∥∥(I −QkMq)−1(h)∥∥∞  C‖h‖∞ (2.12)
for all h ∈ L∞(Ω).
Proof. By (1) of Lemma 2.2, we have
‖QkMqf ‖∞  C‖qf ‖2 C‖q‖p‖f ‖∞.
Let ε = 1/2C. Then we have Proposition 2.3. ✷
3. Uniqueness
In this section we prove Theorem 1.1.
The Fourier transform is defined in this paper by
ϕˆ(k) :=
∫
C
e−k(z)ϕ(z) dm(z).
Then the Plancherel formula reads
‖ϕˆ‖2 = π‖ϕ‖2.
Lemma 3.1. Let q1, q2 ∈ Lp(Ω) (p > 2) and supposeΛq1 =Λq2 . For all solution
uj ∈ C1,α(	Ω) of PD[qj ] (j = 1,2) with u1 = u2 on ∂Ω and for all functions
ϕ ∈C1(	Ω) harmonic in Ω , we have∫
Ω
q1(z)u1(z)ϕ(z) dm(z)=
∫
Ω
q2(z)u2(z)ϕ(z) dm(z). (3.1)
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Proof. Since qjuj = ∂¯∂u, (3.1) follows from integrations by parts. ✷
Proof of Theorem 1.1. Suppose that Λq1 =Λq2 . For j = 1,2, let
u
(j)
k = e−ikz¯v(j)k := e−ikz¯(I −QkMqj )−1(1), k ∈C.
Then, by Proposition 2.3,∥∥v(j)k ∥∥∞  C
uniformly in k.
We claim that
u
(1)
k
∣∣
∂Ω
= u(2)k
∣∣
∂Ω
.
To see this, let f = u(1)k |∂Ω . Then by (2.3) we have
e−ikz¯	C(eikz¯f )(z)+ e−ikz¯∂−1(ekC(e−ik¯z∂u(1)k ∣∣∂Ω))(z)= e−ikz¯ in Ω.
Let w be the solution of the problem{
∂¯∂w− q2w= 0 in Ω ,
w = f on ∂Ω .
Since Λq1 =Λq2 , we have ∂w= ∂u(1)k on ∂Ω . It then follows from (2.3) that
w(z)− e−ikz¯∂−1(ek∂¯−1(e−ik¯zq2w))(z)= e−ikz¯ in Ω.
In other words, v := eikz¯w satisfies the integral equation
(I −QkMq2)(v)= 1 in Ω.
Since the solution of the integral equation is unique, we have v = v(2)k and hence
u
(2)
k |∂Ω = f .
We have shown u(1)k = u(2)k on ∂Ω . By (3.1) with ϕ(z)= e−ik¯z, we have∫
Ω
e−kq1v(1)k dm(z)=
∫
Ω
e−kq2v(2)k dm(z). (3.2)
For simplicity, put Mj :=Mqj . Note that
v
(j)
k = (I −QkMj)−1(1)= 1+Qk(qj )+QkMjQkMj
(
v
(j)
k
)
, j = 1,2.
Thus we have from (3.2)(
q̂2 − q1
)
(k) =
∫
Ω
e−k
[
q1Qk(q1)− q2Qk(q2)
]
dm(z)
+
∫
Ω
e−k
[
q1QkM1QkM1
(
v
(1)
k
)
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− q2QkM2QkM2
(
v
(2)
k
)]
dm(z)
:= I(k)+ II(k).
We estimate II(k) first since it is easier to handle. Note that
q1QkM1QkM1
(
v
(1)
k
)− q2QkM2QkM2(v(2)k )
= (q1 − q2)Qk
(
q1Qk
(
q1v
(1)
k
))+ q2Qk((q1 − q2)Qk(q1v(1)k ))
+ q2Qk
(
q2Qk
(
(q1 − q2)v(1)k
))+ q2Qk(q2Qk(q2(v(1)k − v(2)k ))).
From this we have
|II(k)|
∫
Ω
∣∣∣q1Qk(q1Qk(q1v(1)k ))− q2Qk(q2Qk(q2v(2)k ))∣∣∣dm(z)
 C|k|2 + 1
(‖q1‖2‖q1‖p‖q1 − q2‖2 + ‖q1‖2‖q2‖p‖q1 − q2‖2
+‖q2‖2‖q2‖p‖q1 − q2‖2
)
+ C|k|2 + 1‖q2‖
2
2‖q2‖p
∥∥v(1)k − v(2)k ∥∥∞. (3.3)
These inequalities can be driven using the Hölder inequality and Lemma 2.2. Here
we show the estimate of the third term and the rest can be proven in the same way.
Let p′ be the conjugate exponent of p/2. Then p′ <∞. It then follows from (2)
of Lemma 2.2 with r = 2 that∫
Ω
∣∣∣q2Qk(q2Qk((q1 − q2)v(1)k ))∣∣∣dm(z)
 ‖q2‖2
∥∥∥Qk(q2Qk((q1 − q2)v(1)k ))∥∥∥2
 C|k| + 1‖q2‖2
∥∥q2Qk((q1 − q2)v(1)k )∥∥2
 C|k| + 1‖q2‖2‖q2‖p
∥∥Qk((q1 − q2)v(1)k )∥∥2p′
 C
(|k| + 1)2 ‖q2‖2‖q2‖p‖q1 − q2‖2
∥∥v(1)k ∥∥∞.
Since
(I −QkMj)v(j)k = 1 in Ω, j = 1,2,
we have
v
(1)
k − v(2)k =Qk
(
q1v
(1)
k
)−Qk(q2v(2)k )
=Qk
(
(q1 − q2)v(1)k
)+Qk(q2(v(1)k − v(2)k )).
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It then follows from (1) of Lemma 2.2 that∥∥v(1)k − v(2)k ∥∥∞  C‖q1 − q2‖2∥∥v(1)k ∥∥∞ +C‖q2‖2∥∥v(1)k − v(2)k ∥∥∞.
By the proof of Proposition 2.3, C‖q2‖p < 1/2 and hence∥∥v(1)k − v(2)k ∥∥∞  2C‖q1 − q2‖2.
Thus it follows from (3.3) that∫
C
|II(k)|2 dm(k) C‖q1 − q2‖22
(‖q1‖2p + ‖q2‖2p)2 (3.4)
for some C = C(Ω,p).
We now estimates I(k). Note that
q1Qk(q1)− q2Qk(q2)= (q1 − q2)Qk(q1)+ q2Qk(q1 − q2). (3.5)
Define
Q∗k(q)= ∂¯−1
(
ek∂
−1(e−kq)
)
.
Then Q∗k is an adjoint of Qk in the sense that∫
Ω
e−kgQkf dm=
∫
Ω
e−kfQ∗kg dm.
Since ∂∂−1f = f in Ω and ek(z)= (1/ik¯)∂ek(z), we have
Q∗k(q)=
1
ik¯
[
∂¯−1
(
∂
(
ek∂
−1(e−kq)
))− ∂¯−1(q)]. (3.6)
By (2.10) and (3.6), we have
I(k)=
∫
Ω
e−k(q1 − q2)Qk(q1) dm(z)+
∫
Ω
e−k(q1 − q2)Q∗k(q2) dm(z)
= 1
ik
∫
Ω
e−k(q1 − q2)
[
∂−1
(
∂¯
(
ek∂¯
−1(e−kq1)
))− ∂−1(q1)]dm(z)
+ 1
ik¯
∫
Ω
e−k(q1 − q2)
[
∂¯−1
(
∂
(
ek∂
−1(e−kq2)
))− ∂¯−1(q2)]dm(z).
Since ∂¯−1∂ and ∂−1∂¯ are Calderón–Zygmund operators, we have∥∥∥∂−1(∂¯(ek∂¯−1(e−kq1)))∥∥∥
2
 C2
∥∥∂¯−1(e−kq1)∥∥2,∥∥∥∂¯−1(∂(ek∂−1(e−kq2)))∥∥∥
2
 C2
∥∥∂−1(e−kq2)∥∥2.
Let χ be the characteristic function of Ω . It then follows that
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|I(k)| 1|k|
[∣∣[(q1 − q̂2)χ∂−1(q1)(k)](k)∣∣+ ∣∣[(q1 − q̂2)χ∂¯−1(q2)](k)∣∣]
+ C2|k| ‖q1 − q2‖2
(∥∥∂¯−1(e−kq1)∥∥2 + ∥∥∂−1(e−kq2)∥∥2) (3.7)
if |k|>R for some R. Thus we have∫
|k|>R
|I(k)|2 dm(k)
 4
R2
∫
|k|>R
[∣∣[(q1 − q̂2)χ∂−1(q1)](k)∣∣2
+ ∣∣[(q1 − q̂2)χ∂¯−1(q2)](k)∣∣2]dm(k)
+ 2C22‖q1 − q2‖22
∫
|k|>R
‖∂¯−1(e−kq1)‖22 + ‖∂−1(e−kq2)‖22
|k|2 dm(k).
(3.8)
Proof of the following lemma is given after finishing the proof of Theorem 1.1.
Lemma 3.2. There is a constant C = C(Ω,p) such that for all f ∈ Lp(Ω) with
p > 2∫
C
‖∂¯−1(e−kf )‖22
|k|2 + 1 dm(k) C‖f ‖
2
p. (3.9)
The inequality (3.9) with ∂¯−1 replaced by ∂−1 also holds.
It then follows from the Plancherel formula and (1) of Lemma 2.2 that∫
|k|>R
|I(k)|2 dm(k)C(∥∥(q1 − q2)∂−1(q1)∥∥22 + ∥∥(q1 − q2)∂¯−1(q2)∥∥22)
+C4‖q1 − q2‖22
(‖q1‖2p + ‖q2‖2p)
C5‖q1 − q2‖22
(‖q1‖2p + ‖q2‖2p).
If |k|<R, we have from (3.5) and (1) of Lemma 2.2 that
|I(k)| C‖q1 − q2‖2
(‖q1‖2 + ‖q2‖2).
Thus we have∫
C
|I(k)|2 dm(k) C‖q1 − q2‖22
(‖q1‖2p + ‖q2‖2p).
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In conclusion, we have∥∥q̂1 − q2∥∥2 C‖q1 − q2‖22(‖q1‖2p + ‖q2‖2p).
This completes the proof. ✷
Proof of Lemma 3.2. Let p > 2 and f ∈ Lp(Ω). For z ∈Ω , put
ϕz(ζ ) := f (ζ )
ζ − zχ(ζ ),
where χ is the characteristic function of Ω . Then
∂¯−1(e−kf )(z)= ϕˆz(k).
Since p > 2, we have ϕz ∈ Lλ(Ω) for all λ with 1  λ < 2p/(p + 2). In fact, if
λ < 2p/(p+ 2), then λp/(p − λ) < 2 and
∫
C
|ϕz(ζ )|λ dm(ζ )
[∫
Ω
|ζ − z|−λp/(p−λ) dm(ζ )
](p−λ)/p
×
[∫
Ω
|f |p dm(ζ )
]λ/p
Cλ‖f ‖λp;
hence
‖ϕz‖λ  C1‖f ‖p, (3.10)
where C1 depends only on λ and Ω .
Let µ be the conjugate exponent of λ. Then µ > 2 since λ < 2, and by the
Hausdorff–Young inequality and (3.10) we have
‖ϕˆz‖µ C2‖ϕz‖λ C3‖f ‖p. (3.11)
It then follows from (3.11) that∫
C
‖∂¯−1(e−kf )‖22
|k|2 + 1 dm(k)
=
∫
C
1
|k|2 + 1
∫
Ω
∣∣∂¯−1(e−kf )(z)∣∣2 dm(z) dm(k)
=
∫
Ω
∫
C
|ϕˆz(k)|2
|k|2 + 1 dm(k) dm(z)

∫
Ω
[∫
C
|ϕˆz(k)|µ dm(k)
]2/µ
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×
[∫
C
(|k|2 + 1)−µ/(µ−2) dm(k)
](µ−2)/µ
dm(z)
 C4‖ϕˆz‖2µ  C5‖f ‖2p.
This completes the proof. ✷
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